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Abstract 

We obtain the Hausdorff dimension, h = 2 — 2s, for particles with fractional 
spins in the interval, < s < 0.5, such that the manifold is characterized by 
a topological invariant given by, W = h + 2s — 2p. This object is related to 
fractal properties of the path swept out by fractional spin particles, the spin of 
these particles, and the genus ( number of anyons ) of the manifold. We prove 
that the anyonic propagator can be put into a path integral representation 
which gives us a continuous family of Lagrangians in a convenient gauge. The 
formulas for, h and W, were obtained taking into account the anyon model 
as a particle-flux system and by a qualitative inference of the topology. 
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In this letter, we obtain from anyonic propagators the Hausdorff dimension for fractional 
spin particles with spin in the interval, < s < 0.5, that is, between scalar and spinning 
particles. These fractal properties of the path swept out by such particles is given by, 
h = 2 — 2s. On the other hand, we have that the Euler number is a topological invariant 
which characterize closed surfaces with genus p, that is, £ = 2 — 2p. In our context we 
consider p the number of particles with fractional spins on the manifold, such that the 
anyon model as a particle-flux system implies multiply connected spaces. In this way, we 
propose a topological invariant given by, W = h+2s — 2p, where h is the Hausdorff dimension 
of the trajectory, s is the spin of the particle and p is the number of fractional spin particles 
( holes ) of the manifold. Formulas for h and W, therefore, characterize the particles and 
the space where they exist. We have that, for p = 0, W = 2, the scalar particle, s = 0, gives 
h = 2 and the spinning particle, s = 0.5, gives h — 1. And for s, interpolating between these 
two extremes, the number p is any, p=l,2,3,...,iV. In this way, we have in fact particles 
with fractional spins. Now, we prove that the propagator given in [[!]] 

OV - rnS^) 2 - m 2 ' ^ 

where m and a are respectively the mass and the helicity of the anyon, and s is an arbitrary 
constant deduced from the Casimir of the spin algebra, S 2 = —s 2 and p^ + am = 0; has 
a path integral representation, such that we extract a continuous family of Lagrangians 

L s = — + — + -(m 2 -2m 2 a). (2) 
2e 2e 2 V ; v ' 

We consider T c {x, y) as a causal Green function for the equation 

(P 2 -C 2 + it)T c {x,y) = -5\x~y) 1 (3) 

where P M = id^ — gA^x), ( 2 = m 2 s 2 + (m 2 — 2m 2 a) with m and a, respectively, the mass 
and the helicity of the fractional spin particle, g is the electric charge and s is an arbitrary 
constant extracted from the Casimir algebra, S 2 = —s 2 . Following the function ^(x^y) 
is considered as a matrix element of an operator JF C 

F c (x,y) = (x\f c \y), (4) 

where \x) are eigenvectors for the operators and P M is the corresponding canonical 
operator for the momenta p^. At this stage, we assume some usual relations. 
Eq.(||) implies the equation for the operator 

^ c =(C 2 -n 2 -ze)-\ (5) 
where I1 M = — P M — gA^ix) and the inverse of the anyonic operator is put in the form 

POO 

T c = i\ exp{-iH(\.X,P)} dX, (6) 
Jo 

with H{\, X, P) = A (C 2 - n 2 - ze). 
In this way, we can write 
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/ 7~C(\ X P) 



(7) 



The matrix element Eq.([7|), taking into account the Weyl ordering procedure for opera- 
tors, appears now as a path integral in the phase space: 



roc roo 

F c { x out-, x in) = 1 I d\ lim / dx\ ■ ■ ■ dx^-i dXi ■ ■ ■ dX 

JO N-*oo J-oo 

x(x out \e-* n ^> x ' p » N \x N ^}5(X N - Aat-i) • ■ ■ 
x(x i |e-^ A - x ' p )/ iV |^_ 1 )5(A i - Vi) • • • 



N 



N^QO 



dXo lim / dx\ - ■ ■ dx^-i 



dpi dpN 



(2vr) 3 (2vr) 3 



dXi ■ ■ ■ dX 



N 



d%i diiN f v-^ 
x • exp < % > 



Ax k _ , AAfc 

Pfc-T— -rC[X k ,Xk,Pk) +Tc k - 



At 



Ai 



At , 



where Ar = x fe = H^ip-i, Ax fc = x k - AA fc = X k - A fe _ x . 
Thus, with e = 2A and the shift — p^ — > ^- + (7 x . we have 



i x outi x in) 



1 fOO fXout 

- de Vx Ve Vir M(e) 

2 Jo Jx in 



x exp 



x 2 e^ 2 

— + — + g x . A(x) + Tie 



dT 



- de Vx Ve Vty M(e) 
2 Jo J 







x exp j — % 
where we define the measure 



x 2 em 2 s 2 eM 2 
Ye + 2 + 2 



+ <? i . + ire 



dr}, 



M(e) = J Vp exp l~ J e p 2 drj , 



and M 2 = m 2 — 2m 2 a. 

In the gauge e = 0, we obtain 



•F {x ou i : Xi n j 



1 fOO fXout 

- de Vx Ve Vtt M(e) 5(e) 

2 Jo Jx in 



x exp 



x 2 s 2 eM 2 



2e + 2e 4 



+ g x . A(x) + ire 



dT 



(8) 



(9) 



(10) 



(11) 



(12) 



(13) 



where we recognize the continuous family of Lagrangians Eq.(Q) and a gauge-fixing term. 
For a free anyon, we have 



2 rco rx ou t 

T c (x ouU x in ) = - de Vx Ve M(e) 5(e) 

2 JO J Xin 



(14) 



x exp 



2 Jo 



<L + eM 2 + - 



dT\ 
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such that, making the substitution 

\J G]J * Pi ~ * 37, ZAX %out ^ini 

we obtain the new boundary conditions x(0) = = x(l). Thus, we arrive at the path 
integral representation for the propagator 



^ a* n j - W 4(27f)3 y Q ^ exp < 2 



e M 2 + 

eo e 



(15) 



and s 2 > for the causal propagator |JJ. On the other hand, in momentum space, the 
anyonic propagator is given byEq.(^J) and for an anyon interacting with an external field, we 
have a candidate for an equation of motion: 



c 2 )y = o, (i6) 



where y represents an anyon. 

Now, we return to analysis of the Hausdorff dimension of the anyonic system. Our 
inference of the form of h takes into account that, for L, the length of closed trajectory with 
size R, we have that its fractal properties is given by L ~ R h [Q], thus for scalar particle 
L ~ ^j, R 2 ~ L and h — 2 ; for spinning particle, L ~ -, R 1 ~ L and h = 1. For fractional 
spin particles, the propagator as given in Eq.(|l]) has an explicit dependence on s, so we 
arrive at the formula, h = 1 — Is which is satisfied, with < s < 0.5. All this can be 
generalized, that is, if we have p anyons with distinct spins s, we obtain 

/i s = 2-2^> (17) 

i=i 

and 

W s = /i, + 2X>-2p, (18) 

i=l 

where p is the number of particles, Si is the spin of the pi particle and h s is the global 
fractal properties of the set of particles. In any case, W s = W, that is, we have a topologi- 
cal invariant characterizing the multiply connected spaces, in which each hole represents a 
particle-flux of the anyonic model. 

Finally, a matter which deserves serious attention is the number h s , that probably con- 
tains some information about the interaction between the particles, the equivalence classes 
of the path swept out just by these particles and so on. Further considerations along these 
lines will be published shortly. 
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